Computations
Thanks to Wigner’s computations of Moore cohomology.
If G is a real Lie group.
In principle, one computes:
— H*(G,R) and H*(G;,R) (Lie algebra cohomology)
— H*(G,Z) and H*(G;,Z) (classifying spaces).

In this way we compute Kac cohomology for G low dimensional

Lie group.
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Finally, Moore cohomology (resolutions...):

Theorem (BSV). Fore every module E as above we have
HKac(E) = H*(G, (F} X FQ)/E)

where F; is the set of mesaurable maps from G/G; to E.

In other words, F; is obtained by inducing £ from G; to G. Thus
H*(G, F;) = H*(G;, E).

It follows

Corollary. We have a long exact sequence:

— Hk(G, E) — Hk(GI,E)f X Hk(Gg,E)
!
— H'YG,E) < Hi . o(E)

This exact sequence can be directly deduced from the bicomplex.
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Kac cohomology (homogenious presentatz'on)
(Kac in the finite case, Baaj-S-Vaes in the general case)

Put Yy ¢ = {(i j)o<i<k; 0<j<e € G+ D(E+),

_‘1 —1 . .-, . -}
wi,j Zi, g S Gl, x’i,j Zir 4 € G2 V’l,’l yJy ] }

Obvious vertical and horizontal face maps (removing a row or a

column).

~ Every (Polish) abelian group which is a G-module E givesrise toa
bi-complex of measurable G-equivariant maps from Yo (k,£ > 1)

to E (up to null ones).
Put Hiac(E) the cohomology of this bicomplex.

One identifies easily:

Proposition. We have Heyy ~ H%,.(U(1)).

It is not too hard, though less direct:

Theorem (BSV). We have Hpent ~ Hegt ~ Hi, (U(1)).

~ 11 —



Quantum group extensions

Kac and then Vaes-Vainerman study: locally compact quantum
groups arising as extensions of a group (G1) by a group dual (G2).

Theorem. (Kac - G; finite, Vaes-Vainerman - general)

These are classified by a group G = G1G2 and two functions:
U:Gyx Gy x Gy — U(1) and V:GyxGexGy—UQ1)
such that: | |

U(ps(s9), h, E)U(s, gh, K)U(s, g, hk)U(s,g,h) =1
V(t, u, 9)V(st, u, g)V(s, tu, g)V(s,t,p1(ug)) = 1
U(t, g, U(st, g, )U(s, p1(tg)p(p2(tg)h))
v(pZ(spl (tg))7p2(tg)7 h)V(s,t,gh)V(s,t,g) =1 |

First two conditions: 2-cocycles for the action of G; on G/ G;.

A cocycle (U, V) is trivial if there is a measurable map R : G2 X
G, — U(1) such that, almost everywhere

U(s,g.h) = R(pa(s9), YR(s, gh)R(s,9) and
V(s.t,9) = R(t, g)R(st, 9)R (s, 1 (t))

-~

The corresponding cohomology group

H..: = {Cocycles}/{trivial}
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Cocycles

Let G, G, G2 be as above

v: G x G — G x G the corresponding pentagonal transformation |
V : £ — dY2€ o v the corresponding multiplicative unitary.

let wu: GxG — U(1) = {z € C; |z| = 1} be a measurable

function.

Definition. We say u is a cocycle if the unitary
Wy € — ud/%€ow

is multiplicative.

A cocycle of the form (x,y) — ((2 x 2) ov)(z x z)~" is said to be
trivial where z : G — U(1) = {z € C; |z| = 1} is a measurable
function and z X z is the function (z,y) — z(x)z(y).

The corresponding cohomology group

Hpent = {Cocycles}/{trivial}

Questions
e What is the relevent cohomology theory?

e How to compute it ?



Regularity

Associated with a locally compact quantum group S xS the C*-
algebra generated by the group C*-algebra and its dual.

Tn our case SXS = Co(G)x(G2 x G1).

The reqular case G = G1G>: then Sx8 = K. We then have
Takesaki-Takai duality.

The semi-reqular case G1G2 open in G: then $x SoK.

A non semi-regular case: R a locally compact ring with R* not

open but of full measure (adelic type). As an example, G =
ar+b, ac R*, b€ R, Gy =a(x+1)—1and G2 = azx.

Construction of R
Let P be a set of prime numbers and R is the restricted product

r=T[ Q.

pEP

If P is infinite, R* is not open in R; if Z p~! < 0o, then R* has
P
full measure.



5. G=ax+b, a € R*, bER,Glza(aJ+1)—1andG2=ax.

| Taking the ‘bad’ orbit’ {h € G; h(—1) = 0}, this gives a pentag-
onal transformation of R x R: -

B ) y
v(z,y) = (@y+z+yy+ ).
x Ty

| y+1z+y+1
v~1 leave R*. x R’ invariant and also Q) x Q}.

Note that v=1(z,y) = ( ) Thus, both v and

The restrictions of v to R} x R} and Q} x Q} are very singular
pentagonal transformations (and give rise to singular multiplica-

tive unitaries).

The associated algebras are triangular!



Examples

1. Semi-direct products.
2. G a finite group; G = Sg, and G; = fiz(e).

3. Iwasawa decomposition:

G semi-simple Lie group (SL(n,R));

G; = K (=50(n) maximal compact subgroup);

G, = AN (upper triangular matrices with positive diagonal en-

tries).

4. Decompositions of the type LU.

a) G = GL(n);
G1= upper triangular matrices with positive diagonal entries;
Go= lower triangular matrices with diagonal entries of modulus

one.

b) G = GL(2n,R);
G, is the set of matrices of the form (g b );

G- is the set of matrices of the form (1: O).
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Theorem (Baa j—S) Every sufficiently regular pentagonal trans-
formation is of that form. |

The associated multiplicative unitary comes from a locally com-

pact quantum group.

Theorem (Baaj-S-Vaes)
a) The associated full and reduced C*-algebras are the full and

reduced crossed products Co(G/G1)XG}.
b) The associated full and reduced dual C*-algebras are the full

and reduced crossed products Cy(G/G2) X Ga.

(The dual locally compact quantum group is obtained by ex-
changing the roles of G; and G3.)



Matched pairs of groups

Example G.I. Kac (Takeuchi, Majid, Baaj-S, Vaes-Vainerman...)
quantum group: matched pair or bicrossed product:

GﬁGlGQ:

e G is a locally compact group.
e G1, G4 are closed subgroups.

e The map (1,x2) — z1Z2 (from G1 X G2 to G) is a measure

class isomorphism.

The associated pentagonal transformation

Put X = G and
v(z,y) = (zp1 (P2(x) " 'y), p2(2) " "Y)

where p; : G — G; satisfy = p1(z)p2(z) (almost everywhere).

[One can also take a G x G invariant subset of G + multiplicity.|



Pentagonal transformations

Definition. Let (X, B, ) be a measure space. A pentagonal
transformation is a measure-class isomorphism v : X X X —

X x X satisfying
V23V13V12 = V120V23.

Put then
Ve =dY%tow

where d is a Radon-Nykodym derivative: this is a multiplicative

unitary.
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Multiplicative unitaries: (Baaj-S)

Definition. A multiplicative unitary on a Hilbert space H is a
unitary V € L(H ® H) such that

Vi2VisVas = VazVia.

Such a unitary is naturally associated with a ‘locally compact
quantum  group’  (Kac, long  history ...,
Kustermans-Vaes) and in fact completely describes the associ-

ated quantum group.

Furthermore: Any sufficiently ‘good’ (regular (Baaj-S) or semi-
regular (Baaj), manageable (Woronowicz)) multiplicative unitary
gives rise to,

- group von Neumann algebra+dual

- full and reduced C*-algebras (+dual)

- comultiphcations...



Pentagonal transformations
and Kac cohomology

S. Baaj, GS: Transformations pentagonales. C.R.A.S. Note 1998.

S. Baaj, GS, S. Vaes: Non—semi—regular quantum groups coming
from number theory. Comm. Math. Phys. 2003.

S. Baaj, GS, S. Vaes: Topological Kac cohomology for bicrossed
products. Trans. A.M.S. to appear.
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