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>pBHF2 ?2H2 i�HH F�M bF`Bp2b bQK 2M bmK �p i`2 Fm#BFFi�HH\ aB/2M bTǠ`bK´H2i 7Ǡ`bi2 ;�M; }FF 2M ;`mM/B;
#2?�M/HBM; B RN88- 2` /2i bi�/B; FQKK2i Mv2 `2bmHi�i2`X 6Q` /2 �HH2` KBMbi2 i�HH2M2 2` /2 2MFH2bi2
HǠbMBM;2M2 ;Bii p2/

1 = 93 + (�6)3 + (�8)3

2 = 73 + (�5)3 + (�6)3

3 = 13 + 13 + 13

9 Q; 8 2` BFF2 KmHB;- bB/2M Fm#BFF2` 2` FQM;`m2Mi2 K2/ 0 2HH2` ±1 KQ/mHQ N- Q; bmKK2M �p i`2 bHBF2 pBH
/2`7Q` �H/`B #HB 9 2HH2` 8 KQ/mHQ NX 6Q` `mM/i Ry ´` bB/2M p�` �HH2 i�HH mM/2` Ryy F�`iH�;i- #Q`ib2ii 7`� jj-
9k Q; d9X A kyRe #H2 /2i 7mMM2i 2M QTT/2HBM; �p d9- B kyRN p�` /2i jj bBM im`- Q; 2M/2HB; B b2Ti2K#2` kyky
7�Mi 2M `2;M2K�bFBM U2ii2` ´ ?� DQ##2i B /�;2` Q; mF2`V QTTbTHBiiBM;2M

42 = (80 435 758 145 817 515)3 + (12 602 123 297 335 631)3 + (�80 538 738 812 075 974)3

�p 9kX

AL6PJ�h FQKK2` mi K2/ RR MmKK2` B ´`2i Q; ;Bb mi �p LQ`bF J�i2K�iBbF 6Q`2MBM;X .2�/HBM2 7Q`
M2bi2 mi;�p2 2` �HHiB/ /2M R8X B M2bi2 K´M2/X aiQz iBH AL6PJ�h b2M/2b iBH

�`M2#b �i K�i?XmBQXMQ

6Q`2MBM;2M ?�` ?D2KK2bB/2 ?iiT,ffrrrXK�i2K�iBFF7Q`2MBM;2MXMQf
�Mbp�`HB; `2/�FiǠ` 2` �`M2 "X aH2ibDǠ2- lMBp2`bBi2i2i B PbHQ



J�i2K�iBbF F�H2M/2`
S´ ;`mMM �p /2M T´;´2M/2 bBim�bDQM2M K?i FQ@
`QM�pB`mb2i F�M ~2`2 �p �``�M;2K2Mi2M2 #HB mib�ii
2HH2` �pHvbiX 6ǠH; K2/ T´ r2#@bB/2M2X

LQp2K#2`f/2b2K#2`,
jyX@9X oBMi2`bFQH2, :2QK2i`v �M/ �M�HvbBb
Q7 [m�MimK ;`QmTb- PbHQ
I?iiTb,ffrrrXKMXmBQXMQfK�i?f2M;HBb?f`2@
b2�`+?f;`QmTbfQT2`�iQ`@�H;2#`�bf2p2Mibf+QM72`2M+2bf;2@�M@
[;@kykyfBM/2tX?iKH=

kykR,
CmMB,
dX@RRXJ1:� U2z2+iBp2 K2i?Q/b BM
�H;2#`�B+ ;2QK2i`vV- h`QKbǠ
I?iiTb,ffTm`2K�i?XMQfK2;�kykRf=

k3X@kX DmHBX Ryi? AMi2`M�iBQM�H *QM72`2M+2
QM J�i?2K�iB+�H J2i?Q/b 7Q` *m`p2b �M/
am`7�+2b- PbHQ IrrrXKMXmBQXMQfJJ*aRy=

L�bDQM�Hi K�i2K�iBF2`KǠi2- h`QM/?2BK
(lha�hh hAG aPJJ1_1L kykR)
I?iiTb,ffrrrXMiMmXMQfBK7fK�i2K�iBF2`KQi2=

a2Ti2K#2`,
kdX@k3XJ�i?2K�iB+b rBi?Qmi "Q`/2`b-
AJl Ryy ´`- ai`�b#Qm`;

J1:�- h`QKbǠ- dX@RRX DmMB kykR
J1:� Bb i?2 �+`QMvK 7Q` 1z2+iBp2 J2i?Q/b BM
�H;2#`�B+ :2QK2i`vX h?Bb b2`B2b Q7 #B2MMB�H BM@
i2`M�iBQM�H +QM72`2M+2b- rBi? i?2 i`�/BiBQM /�iBM;
#�+F iQ RNNy- Bb /2pQi2/ iQ +QKTmi�iBQM�H �M/
�TTHB+�iBQM �bT2+ib Q7 �H;2#`�B+ :2QK2i`v �M/
`2H�i2/ iQTB+b- Qp2` �Mv +?�`�+i2`BbiB+bX

SH2M�`v bT2�F2`b,
�HB+B� .B+F2Mbi2BM- lMBp2`bB/�/ /2 "m2MQb �B`2b
�M� _QK2`Q A#�Ƣ2x-lMBp2`bB/�/ /2 G� _BQD�
:H2# SQ;m/BM- ú+QH2 SQHvi2+?MB[m2
:`2; aKBi?- Zm22MǶb lMBp2`bBiv
:`2i+?2M GX J�ii?2rb- oB`;BMB� h2+?
:mMM�` 6HǠvbi�/- lMBp2`bBi2i2i B "2`;2M
E�i?HûM EQ?M- Eh>
E�`BM "�m`- lMBp2`bBiv Q7 G22/b

JQ?�# a�72v 1H .BM- aQ`#QMM2 lMBp2`bBiûb
_�;MB SB2M2- lMBp2`bBi2i2i B PbHQ

EmMM;DǠ`BM;2`
ED¤`2 AM7QK�i-

oB i`2M;2` ?D2HT iBH ´ BM7Q`K2`2 QK MQKBM�bDQM2M
iBH M2bi2 ´`b >QHK#Q2T`BbX

?iiTb,ff?QHK#Q2T`Bb2MXMQ
PMHBM2@bFD2K�2i 2` M´ ´TM2i- Q; MQKBM�bDQMb7`Bb@
i2M 2` R8X /2b2K#2` kyky- /pbX ûM K´M2/ iB/HB;2`2
2MM B 7DQ`X
oB ?´T2` /2`2 F�M ?D2HT2 Qbb K2/ ´ bT`2 BM7Q`@
K�bDQM QK /2ii2X

Jp?
�`M2 "�M; >mb2#v
aiv`2i B LQ`bF J�i2K�iBFF`´/

Lv2 /QFiQ`;`�/2`
aBpXBM;X aQM/`2 h2b/�H :�HimM; p2/ LhLl

7Q`bp�`i2 jyXQFiQ#2` kyky bBM �p?�M/HBM; .Bb@
+`2iBx�iBQMb Q7 q�p2 1[m�iBQMb �M/ �TTHB+�iBQMb
Q7 o�`B�iBQM�H S`BM+BTH2b 7Q` ;`�/2M S?.X
o2BH2/2`2 ?�` p¤`i S`Q72bbQ` >2H;2 >QH/2M U?Qp@
2/p2BH2/2`V- Q; S`Q72bbQ` E�i`BM :`mM2`i Q; _2@
b2�`+? a+B2MiBbi s�pB2` _�vM�m/- #2;;2 LhLl
U#Bp2BH2/2`2VX

a�KK2M/`�;,
.2MM2 �p?�M/HBM;� F�M i2K�iBbF /2H�bi B iQ-

K2M 2BM ;D2MMQK;´�M/2 `�m/ i`´/ 2` #`mF2M �p
p�`B�bDQMbT`BMbBTT 7Q` ´ bim/2`� 2M2`;B�` iBH?Ǡv`�M/2
/2B K�i2K�iBbF2 KQ/2HH�M2X 6Ǡ`bi2 /2H QK?�M/H�`
/BbF`2iBb2`BM;�` �p HBFMBM;�` bQK ?�` bBii QTT?�p
B KQ/2HH2`BM; �p #ǠH;2` B p�iM- Q; B ?Qpm/b�F 2B



/BbF`2iBb2`BM; �p *�K�bb�Ĝ>QHK@HBFMBM;� bQK F�M
#2bF`Bp� #ǠH;2` B ;`mMi p�iMX .2MM2 HBFMBM;� F�M
miH2B�bi 7`´ p�`B�bDQMbT`BMbBTT p2/ ´ bim/2`� 2BM
iBH?Ǡv`�M/2 #2p�`i 2M2`;B- K2M p2/ ´ B bi�/2M bD´
T´ 2BM /BbF`2i 2M2`;B ;B` /2B b�K2 T`BMbBTT� 2Bi
bvbi2K /2` /2MM2 /BbF`2i2 2M2`;B2M 2` #2p�`iX J2/
mi;�M;bTmMFi B /2ii2 bvbi2K2i FD2K K2 7`�K iBH
2Bi b2ii K2/ 2pQHmbDQMbHBFMBM;�` bQK 2` /BbF`2i2
KQiT�`i�` iBH /Bz2`2MbB�HHBFMBM;�` bQK 2` #`mFi
iBH ´ bim/2`� *�K�bb�Ĝ>QHK@HBFMBM;� B �M/`2 �`@
#2B/X o´`i ?Qpm/`2bmHi�i 2` �i HǠvbBM;�` �p /2ii2
bvbi2K2i FQMp2`;2`2` iBH FQMb2`p�iBp2 HǠvbBM;�` �p
*�K�bb�Ĝ>QHK@HBFMBM;�- �Hib´ HǠvbBM;�` /2` /2M
iBH?Ǡv`�M/2 2M2`;B2M 2` #2p�`i bDǠHp M´` bBM;mH�`@
Bi2i�` B 7Q`K �p #ǠH;2#`viBM; QTTbi´`X

�M/`2 /2H QK?�M/H�` iQ/BK2MbDQM�H2 K�i2K�@
iBbF2 KQ/2HH�` 7Q` #BQHQ;BbF p2Fbi K2/ mi;�M;bTmMFi
B K´Hi2Q`B Q; 7Q`;`2BMBM;bi`�MbTQ`iX o2/ ´ bD´ T´
�#bQ`#2`i bQHHvb bQK T`QTQ`bDQM�Hi K2/ #H�/i2i@
iH2BF2M H�M;b TH�Mi2bi2M;H�` Q; ;`2BM2`- Q; b�KiB/B;
i� ?Ǡ;/2 7Q` FQbiM�/2M p2/ ´ i`�MbTQ`i2`� M¤`BM;
7`´ `Qi� iBH #H�/2M2- FD2K K2 7`�K iBH 2Bi K�F@
bBK2`BM;bT`Q#H2KX J2 pBb2` �i ;Bii pBbb2 pBHF´` ?�`
/2ii2 T`Q#H2K2i 2B 2BMiv/B; HǠvbBM; #´/2 7Q` ~2B`2
FQMFm``2`�M/2 TH�Mi2bi2M;H�`- Q; 7Q` ûBM ;2M2`2HH
7Q`;`2BM� p2FbiX .2bb2 HǠvbBM;�M2 ;D2` Qbb B bi�M/
iBH ´ bim/2`� /2B QTiBK�H2 bi`mFim`�M2 7Q` /2B iQ/B@
K2MbDQM�H2 KQ/2HH�M2X

J�`+ G�;mM�b J2`BMQ p2/ lBP 7Q`bp�`i2 eX
MQp2K#2` kyky bBM �p?�M/HBM; aiQ+?�biB+ JQ/2HBM;
rBi? 6`�+iBQM�H �M/ MQM@6`�+iBQM�H LQBb2b- �TTHB@
+�iBQMb iQ 6BM�M+2 �M/ AMbm`�M+2 7Q` ;`�/2M S?.X
o2BH2/2`2 ?�` p¤`i �bbQ+B�i2 S`Q72bbQ` a�Hp�/Q` P`@
iBx G�iQ``2 �M/ �bbQ+B�i2 S`Q72bbQ` h2Mm`2 h`�+F
.�pB/ _mBx "�ƢQb- #2;;2 lBPX

a�KK2M/`�;,
AM Kv /Q+iQ`�H rQ`F- A ?�p2 /2p2HQT2/ biQ+?�b@

iB+ KQ/2Hb i?�i mb2 /Bz2`2Mi ivT2 Q7 MQBb2b- iQ
T`B+2 }M�M+B�H /2`Bp�iBp2b �M/ BMbm`�M+2 T`Q/m+ibX
aiQ+F T`B+2b ?�p2 � `�M/QK +QKTQM2Mi BM i?2B`
#2?�pBQ` i?�i +?�`�+i2`Bx2b bi�iBbiB+�H �bT2+ib Q7
i?�i T�`iB+mH�` �bb2iX h?2 ivT2 Q7 MQBb2 +?Qb2M iQ
KQ/2H i?2 /vM�KB+b Q7 T`B+2b Bb F2v iQ `2T`Q/m+2
2KTB`B+�H 7�+ib Q7 �bb2ibX AM i?Bb /Bbb2`i�iBQM A ?�p2
/2p2HQT2/ i?2 +QMiBMmQmb p2`bBQM 7Q` � M2r FBM/
Q7 MQBb2 rBi? K2KQ`vX PM2 Q7 Bib T�`iB+mH�`BiB2b

Bb i?�i Bi i�F2b BMiQ �++QmMi �HH i?2 T�bi bi�i2b- BM
Q`/2` iQ /2i2`KBM2 Bib +m``2Mi bi�i2 �M/ bKQQi?@
M2bbX h?Bb Bb � ?B;?Hv /2bB`�#H2 72�im`2 BM �bb2i
KQ/2HBM;X A ?�p2 �HbQ T`QTQb2/ � M2r �TT`QtBK�i@
BM; 7Q`KmH� 7Q` +�HH QTiBQMb BM i?2 7Q`K Q7 � b2`B2b
2tT�MbBQM i?�i +�M #2 i`mM+�i2/ iQ �Mv /2bB`2/
Q`/2` /2T2M/BM; QM i?2 /2;`22 Q7 �++m`�+v M22/2/X

� b2+QM/ �TT`QtBK�iBM; 7Q`KmH� Bb �HbQ T`Q@
pB/2/ 7Q` i?2 +�b2 r?2`2 i?2 MQBb2 mb2/ iQ KQ/2H
biQ+F T`B+2b �M/ pQH�iBHBiv ?�b /Bb+QMiBMmQmb i`�@
D2+iQ`B2bX

AM i?2 b+QT2 Q7 � /Bz2`2Mi T`QD2+i A ?�p2 �HbQ
T`QTQb2/ � KQ/2H iQ T`B+2 BMbm`�M+2 T`Q/m+ib i?�i
i�F2b BMiQ �++QmMi i?2 DQBM `BbFb �`Bb2/ 7`QK biQ+F
T`B+2 pQH�iBHBiv �M/ BMi2`2bi `�i2bX

J�`iBM >2HbǠ p2/ lBP 7Q`bp�`i2 kyX MQp2K@
#2` kyky bBM �p?�M/HBM; AMp2biB;�iBQMb BMiQ `2�H
/2i2`KBM�Mi�H [m�`iB+ ?vT2`bm`7�+2b 7Q` ;`�/2M
S?.X
o2BH2/2`2 ?�` p¤`i S`Q72bbQ` E`BbiB�M _�M2bi�/
�M/ S`Q72bbQ` CQ?M *?`BbiB�M Pii2K- #2;;2 lBPX

a�KK2M/`�;,
J�i?2K�iB+�H QTiBKBb�iBQM Bb }M/BM; i?2 BMTmi

i?�i vB2H/b i?2 bK�HH2bi Q` H�`;2bi QmiTmi p�Hm2 Q7 �
;Bp2M 7mM+iBQMX h?Bb ?�b +QmMiH2bb �TTHB+�iBQMb BM
}2H/b bm+? �b 2M;BM22`BM;- 2+QMQKB+b �M/ K�+?BM2
H2�`MBM;X q?2M bQHpBM; �M QTiBKBb�iBQM T`Q#H2K-
Bi Bb 2bb2MiB�H iQ mM/2`bi�M/ i?2 ;2QK2i`v BKTQb2/
#v Bib +QMbi`�BMibX 6Q` � HQM; iBK2- T2QTH2 rQ`F2/
K�BMHv rBi? i?2 bBKTH2bi QTiBKBb�iBQM T`Q#H2Kb-
r?Qb2 +QMbi`�BMib `2bmHi BM ;2QK2i`B+ Q#D2+ib rBi?
QMHv ~�i bB/2bX AM Q`/2` iQ bQHp2 KQ`2 T`Q#H2Kb- `2@
b2�`+?2`b �`2 +QMbi�MiHv +QMbB/2`BM; Qi?2` ivT2b Q7
+QMbi`�BMib i?�i T`Q/m+2 KQ`2 +QKTHB+�i2/ b?�T2bX

6Q` �M BKTQ`i�Mi +H�bb Q7 QTiBKBb�iBQM T`Q#@
H2Kb- i?2 `2;BQM b�iBb7vBM; i?2 +QMbi`�BMib Bb +�HH2/
� bT2+i`�?2/`QMX h?2 i?2bBb mb2b iQQHb 7`QK �H;2@
#`�B+ ;2QK2i`v iQ bim/v bT2+i`�?2/`�X h?2 #QmM/@
�`v Q7 � bT2+i`�?2/`QM Bb T�`i Q7 � H�`;2` ;2QK2i@
`B+ Q#D2+i FMQrM �b � /2i2`KBM�Mi�H ?vT2`bm`7�+2X
h?2 ?vT2`bm`7�+2 K�v ?�p2 bT2+B�H TQBMib r?2`2 Bi
Bb bTBF2/ Q` BMi2`b2+ib Bib2H7X h?2b2 TQBMib �`2 +�HH2/
bBM;mH�`BiB2bX h?2 iBT Q7 � +QM2 Bb � bBM;mH�`BivX A7
�M QTiBKBb�iBQM T`Q#H2K ?�b �M QTiBK�H bQHmiBQM-
Bi Bb �ii�BM2/ �i i?2 #QmM/�`v Q7 i?2 bT2+i`�?2/`QM-



Q7i2M BM � bBM;mH�`BivX
h?2 i?2bBb �Mbr2`b i?2 7QHHQrBM; [m2biBQMb 7Q`

+2`i�BM ivT2b Q7 /2i2`KBM�Mi�H ?vT2`bm`7�+2b, q?�i
FBM/b Q7 bBM;mH�`BiB2b /Q i?2v ?�p2- ?Qr K�Mv bBM@
;mH�`BiB2b �`2 i?2`2 �M/ r?B+? Q7 i?2 bBM;mH�`BiB2b
HB2 QM i?2 bT2+i`�?2/`QM\

� /2i2`KBM�Mi�H ?vT2`bm`7�+2 rBi? QM2 bBM;mH�`BivX
h?2 bBM;mH�`Biv Bb /BbDQBMi 7`QK i?2 bT2+i`�?2/`QM-
r?B+? Bb i?2 ;`2v #HQ#X

Lv?2i2`

"�GhA* q�u
"�HiB+ q�v kyky #H2 �``�M;2`i pB`im2Hi R9X MQp2K@

#2`X "�HiB+ q�v 2` 2M H�;FQMFm``�Mb2 B K�i2K@
�iBFF- Q`;�MBb2`i ?p2`i ´` bB/2M RNNy- Q; K2/ MQ`bF
/2Hi�F2Hb2 bB/2M RNNeX �HH2 H�M/2M2 `mM/i ǟbi2`@
bDǠ2M /2Hi�` `2;2HK2bbB;- b�KK2M K2/ LQ`;2 Q;
AbH�M/X L�pM2i "�HiB+ q�v 2` ?2Mi2i 7`� /2KQM@
bi`�bDQM2M2 7Q` m�p?2M;B;?2i 7Q` /2 #�HiBbF2 bi�i2M2
?Ǡbi2M RN3NX

>p2`i /2Hi�;2M/2 H�M/ biBHH2` K2/ 2i H�; B FQMFm`@
`�Mb2M #2bi´2M/2 �p 8 2H2p2` B pB/2`2;´2M/2 bFQH2X
EQMFm``�Mb2M T´;´` B }`2 Q; 2M ?�Hp iBK2X S´
/2MM2 iB/2M bF�H ?p2`i H�; HǠb2 ky QTT;�p2`X amF@
b2bbF`Bi2`B2M2 2` ;Q/2 BM/BpB/m2HH2 72`/B;?2i2`- FQK@
#BM2`i K2/ 2pM2M iBH ´ b�K�`#2B/2 BMM�/ B H�;2iX

.2i MQ`bF2 H�;2i FQK B ´` T´ kX TH�bb #�F
hvbFH�M/X .2ii2 2` i�M;2`BM; �p #2bi2MQi2`BM;2M
iBH LQ`;2 B FQMFm``�Mb2MX 6Q``B;2 ;�M; LQ`;2 #H2
MmKK2` k p�` iBH#�F2 B kyykX

.2 ky QTT;�p2M2 7Q`/2H2` b2; K2/ 8 QTT;�p2`
BMM2M /2 }`2 7�;QK`´/2M2 �H;2#`� U�V- FQK#BM�@
iQ`BFF UEV- ;2QK2i`B U:V Q; i�HHi2Q`B UhV- Q; 2M
FQ``2Fi #2bp�`2Hb2 T´ 2M QTT;�p2 ?QMQ`2`2b K2/ 8
TQ2M;X

_2bmHi�i2` UJ�t bF´` 2` Ryy TQ2M;V,
� E : h alJ

RX hvbFH�M/ RN ky kk ky 3R
kX LQ`;2 Rd ky R3 ky d8
jX SQH2M Re RR kj R9 e9
9X 6BMH�M/ kR d RR R8 89
9X G�ipB� Rj Re R8 Ry 89
eX 1biH�M/ Rj R8 Rk Rj 8j
dX .�MK�`F Ry Re Rk N 9d
3X ap2`B;2 Ry R8 e RR 9k
NX GBi�m2M N 3 e d jy
RyX AbH�M/ N RR y R kR

PTT;�p2 RdX
6Q` 2i T`BKi�HH p Q; 2i TQbBiBpi ?2Hi�HH n H�` pB

f (p, n) #2i2;M2 /2i biǠ`bi2 ?2Hi�HH2i k bHBF �i pk | n!X
G� p p¤`2 2i T`BKi�HH Q; H� m Q; c p¤`2 TQbBiBp2
?2Hi�HHX oBb �i /2i }MM2b m2M/2HB; K�M;2 TQbBiBp2
?2Hi�HH n bHBF �i f (p, n) ⌘ c (mod m)X
ULQ`;2 �H2M2 QK ´ bF´`2 9 2HH2` 8 TQ2M; T´ /2MM2
QTT;�p2MV

J�h>1J�hA*a 6P_ � "1hh1_
qP_G. SPah1_ *>�GG1L:1

AM kykR i?2 i?2K2 Q7 i?2 A.J Bb J�i?2K�iB+b
7Q` � "2ii2` qQ`H/X *`2�i2 � TQbi2` i?�i b?Qrb
QM2 r�v iQ K�F2 i?2 rQ`H/ � HBiiH2 #Bi #2ii2` mbBM;
K�i?2K�iB+bX AMbi2�/ Q7 rQ`/b- mb2 TB+im`2b +QK@
#BM2/ rBi? MmK#2`b- 7Q`KmH�b- ;2QK2i`B+ b?�T2b-
�M/ Qi?2` K�i?2K�iB+�H 2H2K2Mib iQ 2tT`2bb vQm`
B/2�X lb2 K�i?2K�iB+b bQ T2QTH2 rQ`H/rB/2 +�M
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